Lecture F. Lineor systems via linear “ranstormotions

Prop Every linear system con be written as AX=b where

o A is the watrix with coefficients as entries |

RN
v b is the vector with constont terms as entries .
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Note The watrix that represents the linear system is not eooua\ to A,

but is given by aﬁachmg b to A as the lost column .
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% Let T:-R'—R" be a linear Franstormation.

(1) T is injective [or one-to-one) if we have T(W)5T(V) for ony

distinet W,V € R

(2) | is surjective (or onfo) if every vector in R™ s the imoge of
output
X || X |
Y (0)
|
(0]

T is not surjective: T I:

n
some vector in IR

eq TR — R with T

T is not injective: T

L 1
Il
_1

=

X
1

J



Thm Let T:R'—R" be a linear tronstormation with stondard matrix A
M T is injective < RREF(A) has o leading 1 in every column
@ T is surjective & RREF(A) has a leading 1 in every row
Pt () T s injective
& T(X)*T(@)=T for any X577
= AX %0 for any X%

=

= AX=7 hos a unique o lution X =0
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& RREF(A) hos o leading 1 in every column (1o free variobles)
(2 T is surjective

& T(X)=b has solutions for any b e R"

& AR=b hos solutions for any beR"
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& RREF(A) has no zero rows

[ to avoid o \ea&’mg 1 in the lost column |

& RREF(A) has a \eag\ivxg 1 in every row



Eﬁ Let T:R'— R be a linear tronstormotion with stondard matrix

() Parametrize oll vectors whose imoge under T is O

Sol  We solve fhe e%uaﬁovw T(X)=0 = AX=T7
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(2) Determine whether the vector

&

is the imoge of some vector under T

Sol We consider +he eaouaﬁow TX) =V = AX=v
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The eoouaﬁown has a solution .

= V is ‘V\OJF the image of any vector under ﬂ




) Determine whether T is injective.

Sol  From D) and (2, we find

{@
RREF(A)=] ©
(0]

|

= RREF(A) has no \e&&mg 1s in column 3 and column 4
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= T is ‘noJr mjecﬁve‘

Note We can get the same answer from (1) as the eaoucxﬁom T(X)=07

has infinitely wony solutions.

) Determine whether T is surjective

Sol RREF(A) has no leading 1s in row 3

= T is |not surjective|

NoJre We con 3eJr te same answer ?rom (2) a8 7 is not the 'nmage

of ony vector under | .



